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- B.Ydri, Lectures on Matrix Field Theory (arXiv:1603.00924)

- J. Tekel, Phase structure of fuzzy field theories and multitrace
matrix models (arXiv:1512.00689)



GW model



Noncommutativity (in xkcd-like world) 1/49

- intuition — mini black holes hiding the points we wish to probe
- magnetic field (Girvin, Jach '84); rotating universe? (Shamir '25)




Noncommutativity 2/49

- NC coordinates:

- Moyal »x-product:
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- the simplest model Ad)ﬁ:
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Properties of »-product for constant 6*" 3/49
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UV/IR mixing 4]49

- propagator/mass corrections in the Ses: ~ ¢(p° + m* + -+ )¢
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Stripe phase 5/49

- 1Pl 2-point function

r(2)(p) = P2 + mfen - #A |0gf)2 + ey bu = 9uvp

- minimized by

- the simplest stripe phase

$(x) ~ cos(p - x)



Stripe phase

- center plot represents the stripe phase in coordinate space

(Mejia-Diaz, Bietenholz and Panero '"14)

- coordination of the renormalization procedure for several
(infinitely many?) particles with different masses

- looks different on different scales



GW model 7/49

2
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where [x",x"], =i6" and X, = 2(6_1)“va
in 2-dim (Grosse and Wulkenhaar '03)
of the 2-dim A¢*-model is by defining

itas a Q — 0 limit of the series of GW models in which € itself
does not renormalize and serves as a series-label



GW model 8/49

2
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- LS duality (Langmann, Szabo '02), UV « IR

¢(P V detG (b pU (_)5,(“

A
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- harm. osc. potential & (Buric and Wohlgenannt 10,

)



Heisenberg algebra 9/49

- absorbing the NC length scale, switching to matrices:

X, x"], =i = [XVY]=i1

- infinite-dimensional representation: X =+ Y/[i— -
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Truncated Heisenberg algebra (e-tHA)

[X,Y] = ic (1-2) [X,7] = ic {Y,Z} [v,Z] = —ic {X,2}

- possible to define diff. calculus (Buri¢ and Wohlgenannt '10)

- derivatives given by NC coordinates:
Oy = [iPy, -] P=Y P, = —X Py=27-5

- price — space is now curved with curvature:

15
R=71—42—8(x2+yz)z— diag(1,2, ... ,N)



Matrix GW model & Phase
transitions



Matrix model 11/49

- Weyl transform of the GW model:
om0 [ Ve

- matrix model on the truncated Heisenberg algebra:

Sy = Nr(®K® - g,RP’ — g, " + g,0")

- kinetic operator: K = [X,[X,- 11+ [Y,[Y,- 1]
- unscaled (G's) vs. scaled (g's) parameters:

G, = Ng; G, = Ng,

X % R
X—- == Y- — R— =

VN VN N



Phase structure 12/49

- EOM:
2K® — g, (R® + OR) + 20 (29,9’ - g,1) = 0

- classical vacuum solutions:

trd 0 forg,=0
o=l e-0  o'-yga 0
= forg, >
29, 92
- 3 phases:
- disordered/symmetric 1-cut phase (S1): b =0
. Sy UL U
- ordered/asymmetric 1-cut phase (A1): by o<1
> Ga1—=g/|R]|
Py = gé— ST

29,



Eigenvalue distributions 13/49

,D(/\) for (glugr)=(210)

S1-phase, g,=2 M2-phase, g =4 Al-phase, g,=6
1.0 15 2.0
1.0 N\
0.5 ~ /) 1.0
os| | \ /|
I [
0.0 0.0 ‘ 0.0
] 0 1 -1 0 1 -1 0 1
A A A
- disordered/symmetric 1-cut phase (S1): b =0
¢N\2 o< U ﬂi UJr

- ordered/asymmetric 1-cut phase (A1): Py o< 1



Thermodynamics 14/49

- we are interested in:
J[dd)] 0e™™

)+ J'[dcp] e

var0 = 0} (of

- can be computed numerically (Hamiltonian Monte Carlo)

- typical thermodynamic quantities:
- heat capacity C = VarS/N’
- susceptibility X = Var | tr&|/N°

- random field characteristics:
- eigenvalue (p,) and trace (p,,) probability distributions



Some other models 15/49

- fuzzy sphere, fuzzy onion (Bratislava: Kovacik, Tekel, Hrmo,
Rusnak), bootstrap...

- baseline: pure potential model (PP)

- Paradox: PP matrix model does not see the details of NC unlike
its x-product version? Or is it...



Different HMC start configurations (A1 phase, N = 24) 16/49
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Different HMC start configurations (M2 phase, N = 24)
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HMC history (M2 phase)
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Thermodynamics
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Thermodynamics
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GW: Phase diagrams 21/49

9,=0.0 g,=0.2

1-g,R
Swatr(g |RI®%) = 69 <16g, 69y =169, = bf = ngidl

A 4

6g; =169




GW: Stripe phase removal 22/49

- triple-point shift:

59y o< g, 86y o< Ng, Gy ~ N = 00

- mass shift (6mZ,: e.g. Franchino-Vifias and Pisani "14):

2 2 2 2
Mbpare + OMyen = Mign < Mph

Nax®

My, = I
T Dn(l+ 2) BT Q

|5G£en| ~log N < Ggp




GW: Stripe phase removal in GW-renormalized A¢’ 23/49

. )\qbi—renormalization (Grosse and Wulkenhaar '03):

Noax ~ N, gr~log—2N—»o GW — A,
- triple-point shift:
595 o< gy 86y o< Ng, G ~ |ogl\i N
- mass shift:
(5m$en = 12”(1/\4_ ) log Aﬁgxe |5G£en| ~ logN < G;p




GW: Phase diagrams revisited 2449

g,=0.0

|6G5"| <G = bare model stays in S1-phase!



Distribution hunt




Eigenvalue distribution equation 25/49

Su(@®) = N tr(OKo — g,RO” — g 07 + g, o)

®=UAU", A =diag(h,...,Ay)

Sw(A,U) = N tr(( )K(UAU") = g,RUN'U" = g,A” + gun"*)

N
7= [[dcb] e, do=du] [dn] [ - A)’
i=1

i<j

A(A) =T [ - )

i<j



Eigenvalue distribution equation 26/49

Se(A) = N tr(? = oA’ + guA') = > log [Ay = A

m#+n

P =5 Y60 =4), [ drp(d) =1

=

-

)\l
8Ser=0 = ?2—gA+2g,A° = JdA’f(—A),
support a
P +20%) -
example: p(A) = gulr +2)) - g r2— A

m



Effective action 27/49
From here: neglecting the kinetic term to isolate the R-effects

= J[ddD] e = J[d/\] A(N) o Ntr(=g:N +au") J[dU] 9N tr(URU'A)

= J[dU tulaveL) Z;— In = J[du] tr"(AUBU")
u(n) n=0

55

5= - S, =51 —1,

Sy = =51 +355,— I



RTNI package 28/49

I I I I, Is s

terms 1 4 36 576 14,400 518,400

time* 0.2s 03s 1s 19s 10 min 21 h
*Ryzen 7,16 GB RAM + 20 GB swap, Ubuntu 20, Python

- Fukuda M, Konig R, Nechita I.
. J. Phys. A: Math. Theor. 52 (2019)

- Mathematica or Python, up to 20 U-matrices
- additional Python code for collecting the repeating terms
- inthe end, I, has p’ terms: 1, 4, 9, 25, 49, 121, ...



Effective action up to 6th order 29/49

8g;)° 89;)°
Ser(A) = — (g — 8g,)NtrA* + (gA - %)N trA" + %trz/\z
(8g,)" . s, (897" >4 (890)"
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— log A*(N)



Turning points: 2nd order effective action
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Turning points: 2nd vs. 4th vs. 6th order S1/S2 line 31/49
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S1/S2 phase transition at 6th order
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- solid orange line — 6th order analytical expression
- black dots — HMC simulation data extrapolated to N — oo
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Wanted dead or alive 34/49
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Wanted dead or alive 35/49

-
-
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9,19}

. B 16g; 3v0«\\ 94 (V94
guess 2: 9y = 4/, +12g,+ vy (1 - exp( =% Y1\ Zg,



Wanted dead or alive 36/49

100 EUR prize to whoever first finds a simple nonperturbative
expression for the transition line that has the correct expansion and
starting point, and agrees with the numerical results.



New behavior near g, = 0?

9,=0g;, 94=25g;
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New behavior near g, = 0?

Multi-cut transition for N=20, g,=10g,, g,=0.02

multi-cut p(A), gA=0.1gf specific heat one-cut p(A), g,,=0.49f
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Beyond GW: A gauge model




Gauge model 39/49

- start with the 3-dim action on e-tHA (Buric, Grosse, Madore '10):

— tr(F(*F) + (*F)F)

S =
M 16g?

!

“compactification” toz=0

l
1
Sym = §tr(7ﬁz + (D) + (5 - €)u’¢’~
-2 GFnd = 4eFnd’ + €{P + gA, o}

where

Dyt = I[Py + gAq, ¢] Fi = ig[P1, A2] = ig[Py, Av] + ig°[Ar, Ag]



Vacuum 40/49

- EOM:
2

P+ 26(Fn, 0} - (5 - €79 + DDg9 — (X, (K0, 0} = 0

(1- €*)e®

7 Dp(Fi—pgd) —2e€P{Dp, 1 —i[ D", ] +€ {{X", 9}, ¢} = 0

where Xq = Py + gAq

- two classical vacua, both with S = 0:

1. A1=O A2=O (b:O
2 2
b’y b !
2. A=-Tg A =+Tg ¢=¢g

- trX =trY =0, eigenvalues of both signs therefore stripe phase?



Divergences 61/49

- pp-sector:
1
TG N [ 69

1
(8/€" =14+ )’ u" g’ log Amax J »—¢
m}

- AA-sector:

3.2 2
mu-g 1
- € Amax log Amax JAO{ Aq
O

- nonrenormalizable (Buri¢, Nenadovic, Prekrat '16)



Chern-Simons term 42 /49

- Chern-Simons term (Buri¢, Grosse, Madore "10):
oy 2 uz U
a
SCS = —?tr(—@ = & )(FQ - ?)(;b +2eX XO{ ((i) - z))

- no trivial vacuum

- striped vacuum:
chzo S\(M‘FSCS:O

- translationally invariant nontrivial vacuum @ € = 1, a = 6:

A=A =0 ¢=y Sym + 5S¢ <0



First numerical results — challenges 43/49

- X,Y implementation for € < 1?

[X,Y] = ie (1-2) [X,Z] = ie{Y,Z} [v,Z] = —ie {X, 2}

U
0 0
XVeYNEl=i(i-2)  [XA=ietVZ}  [v2=—i(K 2}

- Z — 0 implementation problem
Fio = i[P1,Ay] = I[Py, Ar] + ig[ A1, Ay ] o< [X, Y]
l
F,oc1-2Z+27°, O(N)vs.O(N)



First numerical results — € =01, N =16

Stripe phase?

eigenvalue distribution for A,

trace distribution for A,
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First numerical results — € =0.7, N =16

Stripe phase?

eigenvalue distribution for A,

trace distribution for A,
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First numerical results — e =1.0, N =16

S1 phase?
eigenvalue distribution for A, trace distribution for A,
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Phase/renormalizability
connection




What is done? 47/49

space model massshift triple point  start. phase renorm.

Ry, tHA  Ad UV/IR 0 M2 NO
[Ré, tHA GW log N N S1 YES
R, tHA  Adew log N N / log”N S1 YES
e-tHA u(1) two phases? M27? NO
- hypothesis:
- connection is between the

renormalizability and its phase structure



What next? 48/49

- analytical front:
- kinetic-term effects

- numerical front:
- gauge model, Chern-Simons
- 4-dim GW

- methodology front:
- method extendable to other existing models
- GPU utilization (CUDA)
- ML utilization
- bootstrap

- speculations: astrophysics, superfluid dark matter

- numerical simulation of phase transitions could tell us in
advance about the renormalization properties of new models



Bratislava CEEPUS intensive course 49/49
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